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Abstract

The coupled Brown-Néel rotation model formulates the nanoparticle magnetization dynamics as a system of
ordinary differential equations that are computationally demanding to solve. In this work, we propose utilizing a
proper orthogonal decomposition approach for reduced-order modeling of magnetization dynamics, providing

significant computational speedup while preserving accuracy.

. Introduction

Modeling the magnetization dynamics for magnetic
nanoparticles (MNP) helps understand their magnetic
particle imaging (MPI) signal under varying conditions.
For this purpose, the coupled Brown-Néel rotation
model, which originates from the stochastic Fokker-
Planck Equations (FPE) for MNP magnetization, was
previously presented as a system of coupled ordinary
differential equations (ODEs) [1]. We previously showed
that this model can be used for signal prediction via a
model-based dictionary approach [2]. However, solving
the coupled ODE is computationally demanding. Recent
work has proposed computational speedup by utilizing
Fourier neural operators, however, the training process
still requires solving the ODE for a wide range of MNP
parameters [3, 4].

In this work, we propose utilizing a proper orthogonal
decomposition (POD) approach that derives a reduced
order model (ROM) of the magnetization dynamics to
provide computational acceleration while maintaining
high accuracy.
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Il. Theory

Full-order model (FOM) for the coupled ODE can be
expressed as y(¢) = F(¢)y(r), where y(r) € RY and N re-
lates to the truncation level of spherical harmonics ex-
pansion [1]. In addition, F(z) € RV*VN depends on the
applied field at time ¢ and MNP parameters, but not on
y(¢). FOM can be numerically solved to compute the
snapshot matrix Y = [y; y, -+ yp ] € RV*M | where M
is the number of time samples and y; € R" is the state
vector at time point k.

POD is a model order reduction technique that ap-
proximates complex systems in a lower dimensional sub-
space [5]. Given Y, POD aims to find a set of orthonormal
basisvectors {¢;}!_,, ¢, € RY such that their span best
approximates the state vectors in the least-squares sense:
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The POD basis is given by the most dominant r left singu-
lar vectors of Y. From the low-rank singular value decom-
position (SVD) approximation, Y ~ U,ZTVI, whereV, €
RM*T contains the right singular vectors, 3, € R™*" isa di-
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Figure 1: Performance of the POD basis across different DF
frequencies. (a) Computation time, (b) speedup factor, and (c)
NRMSE when the DF frequency is changed after computing
the POD basis at [Left] f; = 1kHz and [Right] f; = 10kHz. For
each case, the computed basis is utilized at three different DF
frequencies (see legend). Dashed lines indicate (a) the com-
putation time for FOM and (c) the baseline NRMSE between
the FOM solutions at different settings. NRMSE was computed
with the FOM solution at each setting taken as ground truth.
Other parameters were d, =20nm , K =6kJ/m? B, = 15mT.

agonal matrix of singular values, and U, =[¢,,...,¢ . ]€
RY*" forms the POD basis matrix. The solution can be
represented in the POD subspace as §(¢) = U, a(¢), where
a(t) e R" are the unknown basis coefficients. Then, the
ROM for the coupled ODE becomes a(t) = F(¢)a(t), where
F(t)=U! F(¢)U, eR™". With r < N, the matrix size of
the ODE system becomes significantly smaller, speeding
up the computation time.

The proposed POD approach was evaluated on different
drive field (DF) frequencies and MNP properties. The DF
amplitude was fixed at B; = 15mT, while three different
DF frequencies of f; =1kHz, 5kHz, 10 kHz were utilized.
In addition, three different MNPs with the following
core diameters (d.) and anisotropy constants (K) were
utilized: (d,,K) = (20nm,6kJ/m?3), (20nm,10k]J/m3),
(25nm, 10kJ /m?3).

First, we constructed F(¢) and solved the FOM for a
selected parameter configuration, and then computed
the basis matrix U,. Then, at a different parameter con-
figuration, we constructed F(t), computed F(#) using the
basis matrix, solved the ROM, and reconstructed §. ODEs
were solved using odel5s built-in function of MATLAB,
with N=900 for FOM and r < N for ROM.

Materials and Methods
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Figure 2: Performance of the POD basis across different MNP
parameters. (a) Computation time, (b) speedup factor, and (c)
NRMSE when the MNP parameters are changed after comput-
ing the POD basis at [Left] (d,., K) = (20nm, 6kJ /m®) and [Right]
(d., K)=(25nm, 10k]J/m3). For each case, the computed basis
isreused to reconstruct the magnetization response at three dif-
ferent sets of MNP parameters (see legend). NRMSE was com-
puted with the FOM solution at each setting taken as ground
truth. Other parameters were B; =15mT, f;=5kHz.

IV. Results and Discussion

Figure 1 shows the robustness of the POD basis across dif-
ferent DF frequencies. For each column, the POD basis
generated at a selected DF frequency is used for solving
the ROM at a different DF frequency. In Figure 1, the nor-
malized root mean square error (NRMSE) is below 10~
in all cases, with the computation time substantially re-
duced for lower r. Likewise, the speedup factor, defined
as the ratio of the FOM and ROM computation times, in-
creases for smaller r, demonstrating the computational
advantage of the proposed approach.

Figure 2 demonstrates how well a POD basis can rep-
resent systems with different MNP parameters. In this
case, the NRMSE remains below 107! for larger r. Note
that the NRMSE values in Figure 2 are larger than those in
Figure 1, implying that the MNP parameters have a bigger
impact on the magnetization response when compared
to the DF frequency. In addition, Figure 2 shows that the
POD basis computed for a larger core diameter yields
generally lower and more stable NRMSE trends, imply-
ing that it can more successfully capture the response at
different MNP characteristics. Figure 3 illustrates this ob-
servation by comparing the ROM and FOM solutions for
(d,, K)=(20nm, 6kJ/m3). Here, the ROM solution uses
the POD basis computed for a larger core diameter of
d. =25nm to successfully reconstruct the magnetization
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Figure 3: Comparing ROM and FOM solutions for (d,, K) =
(20nm, 6kJ/m3), as an example case from Figure 2. Here, ROM
uses the POD basis constructed for (d,, K)=(25nm, 10kJ /m3),
with r = 600. With the FOM solution taken as the ground
truth, NMRSE = 1.86 x 1072 for ROM. Other parameters were
Bd =15 mT, fd=5 kHz.

response at different MNP parameters.

For the cases considered in this work, the singular
values decayed rapidly, with the dominant singular val-
ues concentrating within approximately the first r=100
modes. However, for r < 300, the ODE solver failed to
satisfy the prescribed tolerances, indicating numerical
instability for small r. Hence, the values of r utilized in
this work were chosen to balance the theoretical ben-
efits of the low-rank approximation with the practical
limitations of the ODE solver.

In this work, because the FOM for the coupled ODE
system was solved only for 1D DFs, the proposed ap-
proach was also evaluated in this setting. While the ex-
tension to higher dimensional DFs remains a future work,
the proposed approach can potentially yield even greater
benefits in those more computationally demanding set-
tings.

V. Conclusion

In this work, we demonstrated that POD enables efficient
reduced-order modeling of MNP magnetization dynam-
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ics, with significant computational speed-up and high
generalization performance.
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