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Abstract
Magnetic nanoparticles (MNPs) have been extensively studied for various bio-applications due to their unique
magnetic properties. However, strong dipolar interactions in MNPs can alter these properties. In this work, we
investigated the influence of dipolar interactions on the harmonics of magnetization in MNPs through numerical
simulations. The simulations were conducted on a linear chain of MNPs using the stochastic Landau-Lifshitz-Gilbert
equation. The results reveal that, unlike the fundamental magnetization component, the third harmonic component
is not solely determined by the magnitude of the dipole interaction field. Instead, it is strongly influenced by the
phase lag between the external field and the dipole interaction field.

I. Introduction
Magnetic nanoparticles (MNPs), which are a type of
nanoparticles that compatible with human body, have
been widely studied for biomedical applications such as
hyperthermia and magnetic particle imaging (MPI) [1].

Tay et al. investigated the magnetization properties
of the liner chain MNPs (CMNP), which has 10-fold bet-
ter image resolution and 40-fold stronger signal inten-
sity than conventional MNPs in MPI owing to the step-
like M–H curve [2]. In this study, we investigated the ef-
fects of dipole-interaction magnetic field in CMNP on the
magnetization harmonics by stochastic Landau-Lifshitz-
Gilbert (LLG) equation.

Figure 1: Structure of a CMNP.

II. Model
The dynamics of the magnetization of MNPs are de-
scribed by the stochastic LLG equation [3]:

d ui /d t =µ0γui ×
�

Heff,i −λui ×Heff,i

�

, (1)

where γ is the gyromagnetic ratio, λ is a dimensionless
damping coefficient, and ui is the unit vector of magne-
tization of the i-th magnetic core. Heff is the effective
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Figure 2: Effect of ξdip_max on M1/Ms , (a) f = 1 kHz, (b) f =
20 kHz. The blue arrow represents increase of N from 2 to 20.

Figure 3: Effect of ξdip_max on M3/Ms , (a) f = 1 kHz, (b) f =
20 kHz. The blue arrow represents increase of N from 2 to 20.

magnetic field given by

Heff,i =Hex+Hani,i +Hdip,i +Hth,i , (2)

Here, Hex =Hacsin
�

2π f t
�

, Hani,i=
2K
Ms
(ui ·ni )ni ,

Hdip,i=
∑N

j=1, j 6=i
1

4π|r j i |3
�

3m j ·r j i

|r j i |2
r j i−m j

�

. Hex is external

magnetic field, Hani,i is anisotropic magnetic field,
Hdip,i is the magnetic field of the dipole interaction
acting on the i-th magnetic core,

�

�m j

�

�=Ms
π
6 d 3

c , dc is the
diameter of the magnetic core. Hth,i refers to fluctuating
magnetic field generated by thermal noise.

III. Simulation results

In these simulations, we assumed that the easy axes of
MNPs were fixed and aligned in the direction of Hex

(z-axis). We set the characteristic Néel rotational re-
laxation time τN 0 = Ms /2γλK = 10−9 s [4], λ = 10.0,
Ms = 400 kA/m, K = 10 kJ/m3, µ0Ha c = 10 mT, and
T= 300 K. Considering the feasibility of the actual MNPs,
dc is changed from 9-14 nm [5], and the number of mag-
netic core N in a CMNP is set to 2, 4, 6, 8, 10, 20 as de-
picted in Fig. 1. Note that the value of dc is fixed in each
simulation. Fig. 2 shows the effect of dipolar interaction
on the fundamental harmonic of magnetization M1/Ms

at different AC frequency f . Here, ξdip and ξdip_max are

Figure 4: P l e x−d i p for different dc and N, (a) f = 1 kHz, (b)
f = 20 kHz.

given by

ξdip =
µ0m




Hdip,z

�

kB T
ξdip_max =max

�

ξdip

�

. (3)




Hdip,z

�

is the average value of z-axis component of the
dipolar interaction field.

As shown in Fig. 2 (a) and (b), M1/Ms is approxi-
mately represented by a single curve regardless of dc .
Only at f = 20 kHz and dc of 14 nm, the trend of M1/Ms

deviates from others. Fig. 3 illustrates the effect of
ξdip_max on the third harmonic magnetization M3/Ms at
different f . Unlike M1/Ms , M3/Ms is not uniquely deter-
mined by ξdip_max. As shown in Fig. 3 (a), when the dc is
between 9 and 13 nm at f = 1 kHz, M3/Ms increases with
ξdip_max, however the increase rate depends on dc . For
dc = 14 nm and N >4, the M3/Ms decreases as ξdip_max

increase. In Fig. 3 (b), the trend of M3/Ms for dc = 13 nm
at f = 20 kHz is similar to that for dc =14 nm at f = 1 kHz.
Additionally, the M3/Ms of dc below 13 nm at f = 20 kHz
is basically the same as that at f = 1 kHz.

Fig. 4 shows the phase lag, P l e x−d i p , between He x

and



Hdip,z

�

at different f . As N and dc increase, P l e x−d i p

increases, and for dc =14 nm, P l e x−d i p is much larger
than other small dc . As shown in Fig. 2 (a) and Fig. 4 (a),
the effect of P l e x−d i p on M1/Ms is not obvious. On the
other hand, as shown in Fig. 3 (a) and Fig. 4 (a), M3/Ms is
more susceptible to P l e x−d i p compared to M1/Ms . How-
ever, when f increases to 20 kHz and dc = 14 nm, as
shown in Fig. 2 (b) and Fig. 4 (b), large P l e x−d i p also
reduce M1/Ms .

IV. Conclusions
The simulation results showed that the third harmonic
component of the magnetization is not uniquely deter-
mined by the magnitude of dipole interaction field, it
is more susceptible to the phase lag between external
field and dipole interaction field. Although the CMNP
have stronger signal intensity than conventional MNPs
for MPI [2], considering the influence of the phase dif-
ference between the dipole interaction field and the ex-
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citation field on the third harmonic, CMNPs composed
of MNPs with a core size greater than 13 nm should be
avoided.
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